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1. INTRODUCTION 
The motion a fluid which fills a bounded region 52 of Iw3 is usually 
described by the Navier-Stokes equations which reduce to the Euler 
equations in the inviscid case. These equations correspond to the so-called 
Eulerian representation of the flow which provides the functions u(.x, t) and 
p(x, t) corresponding, respectively, to the velocity of the particle of fluid at 
point .XE Q at time t, and the pressure at point x at time t. Another 
classical representation of a flow is given by its Lagrangian description 
which provides all the trajectories of all the particles of fluid through the 
function @: (n, t) + @(a, t), where @(a, t) E 52 is the position at time t of the 
particle of fluid which was at point UEQ at time 0. The Lagrangian 
representation of the flow is not used too often because the Navier-Stokes 
equations in Lagrangian coordinates are highly nonlinear. It plays an 
important role, however, in two cases at least: it is used in the numerical 
computation of a flow with a free boundary, and, in the mathematical 
theory of the Navier-Stokes equations, it is the starting point of the 
geometrical approach developed, among others, by Arnold [2] and Ebin 
and Marsden [S], and this approach is based on the important properties 
of the mappings @(., t): JZ -+ Q, to be volume preserving for every t, for 
incompressible fluids. 
Little effort was made to directly solve the NavierStokes equations in 
Lagrangian coordinates because of their intricacy and, actually, if the 
Eulerian representation of the flow is known, and the function (x, t) --f 
u(x, t) is sufficiently regular, it is easy to determine the trajectories of the 
particles of fluid for the corresponding flow: for every a E Q, the function 
t + @(a, t), also denoted 5 or t,, is a solution of the ordinary differential 
equation 
d<(f) - = 44(t), f) dt 
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with initial (or Cauchy) data 
r(O) = a. (1.2) 
However, and as far as we know, the Lagrangian representation of a 
how has not been determined in the case of weak solutions of the 
Navier-Stokes equations, the only one for which existence has been proved 
for all time in the three dimensional case (Hopf [S], Leray [9, 10, 11 I). 
Our object in this article is to show that, using the new a priori estimates 
that we established in [6], it is possible to determine the trajectories of the 
fluid (in some weak sense), even if u is a weak solution of the 
Navier-Stokes equations, and we prove also that the mappings @(., t) are 
volume preserving in the weak sense. 
A preliminary form of the results was announced in [ 13, Sect. 81, which 
does not contain the essential volume preserving property. Of course, the 
interest of the results presented here (as well as those of [6]) will vanish, 
except perhaps as an intermediate step, if it is proved that all the solutions 
of the 3-dimensional Navier-Stokes equations remain smooth for all time. 
2. EXISTENCE OF THE LAGRANGIAN REPRESENTATION 
Let Q be an open bounded set of R3 with a sufficiently regular boundary 
r (r of class ?Z* is sufficient). We define the usual function spaces 
H= {uEL~(L?)~, divu=O, u.nl,=O} 
V= {uEHh(Q)3,divu=O), 
where n is the unit outward normal on Q, and H”(O) the Sobolev space of 
order m on r and HA(Q) the space of functions in H’(Q) which vanish on 
lI The Navier-Stokes equations can be written as an abstract evolution 
equation 
(2.11 
40) = uo> (2.2) 
where A is a linear unbounded operator in I-Z with domain D(A) = 
Vn H2(0)3, Bu = B(u, U) where B(., .) is, in particular, a bilinear continuous 
operator from D(A) x D(A) into H and Vx V into v’, and, finally v > 0 is 
given; for the details, cf. [13]. 
It is well known (cf. Hopf [8], Leray [9, 10, 1 l]), that for u. given in H 
and f given in L2(0, T, H), there exists a solution u of (2.1), (2.2) which 
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belongs to L*(O, T; V) n L”(0, T; H); furthermore u is continuous from 
[0, T] into V’ and weakly continuous from [0, T] into H. It is not known 
whether this solution u is unique or if it is regular. However ([ 11, 12, 71, 
see also [ 13]), for every t 6 6, where 8 c [0, T] is a compact set whose $- 
Hausdorff dimensional measure vanishes, u(t) E V and even u(t) E D(A) 
if f is slightly more regular. More precisely, if f E L”(0, T, H) (or 
f~L”(0, T; V)), then u is continuous with values in V (or in D(A)), on 
every connected component of the open set 8 = (0, T)\&. Furthermore [6]: 
u E L2’3(0, T; D(A)) n L*(O, T; V) c L’(0, T; L”(Q)), (2.3) 
em(Q) = ,Cso(Q)3. We assume from now on that 
and, as mentionned above, this implies in particular that u is continuous 
with values in V, on every connected component of Lo. 
Given such a solution u of the Navier-Stokes equations, we want to 
solve the ordinary differential system (1.1) (1.2), for every a E Q. Since u is 
not regular we have first to give a meaning to (1.1) (1.2) and this is the 
purpose of Lemma 2.1. 
LEMMA 2.1. If 4 is a continuous function from [0, T] into D and u is a 
weak solution (in the sense above) of (2.1), (2.2), then u({(t), t) is well 
defined for every t E [0, T]\6, the function t + u(<(t), t) belongs to 
L’(0, T; R3) and (l.l), (1.2) make sense. 
Proof: We recalled that u is continuous from [0, T]\d into D(A), 
where the set 6, which depends on U, is compact and has Lebesgue 
measure 0. 
In dimension 3, due to the Sobolev imbedding theorems, H*(Q) c G?(D) 
and thus D(A) c 9?(Q)3. Moreover, due to Agmon’s inequality Cl], there 
exists a constant c, which depends only on Q and such that:’ 
IV1 R”(Q) d Cl II v II l’* I Av I I’*, vv ED(A), (2.5) 
where 1.1 denotes the norm in H (the L*-norm) and II.11 denotes the norm 
in V (the HA-norm, see [13]). 
It follows from these remarks that, if 5 E %( [0, T]; W3), u(t( t), t) is well 
defined for every t E [IO, T]\& and is continuous from [0, T]\S into R3. 
’ The inclusion L2/‘(0, P, D(A)) A L’(O, T, V) c L’(0, T; km(C)) written in (2.3) directly 
follows from (2.5). 
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The function t -+ u({(t), t) is thus measurable from [0, r] into lR3 and it is 
also integrable since by (2.5) 
I u(Qt), t)l G l4t)l L=(n)> 
I u(t)1 Lm(l2) G e(t) = Cl II 4tNI l’* I Au(f)l 1’2, 
for every t E [0, T]\6, and (2.3) implies that 8 E L’(0, T), 
e(t)< IAu(t)12’3+C; lIz4(t)(12. 1 
We have 
(2.6) 
THEOREM 2.1. Under the assumptions above, for every a E a, the dtfferen- 
tial system (1.1) (1.2)) possesses (at least) one continuous solution from 
[0, T] into a. Furthermore we can choose this solution in such a way that 
the mapping Cp: {a, t} --+ t,(t) belongs to L”(C2; (%?([O, T]; R’)) and 
&B/at E ~‘(i-2 x (0, T))3. 
Proof. (i) Since A ~ i is a linear self-adjoint compact operator in H, 
there exists an orthogonal basis of H made of eigenfunctions of A, 
Aw,= ,Ijwj, 0<11,fA,6 . ..) VjE N. 
We denote by P, the orthogonal projector in H onto the space spanned by 
wi,..., w,. It is classical that P, commutes with A and that P, is an 
orthogonal projector in the domain D(A”) of A”, cx E R, and in particular in 
D(A), V, I/’ (for which CI = 1, f, - i). The function u being continuous from 
[0, T] into v’ with u’EL~‘~(O, c V’) (see [13]), u,= P,u is, in particular, 
continuous from [0, T] into D(A), with uk E L4j3(0, T, D(A)). 
Due to (2.5) and P,, being a projector in V and D(A), 
I k?t(t)l P(R) G CI II u&)ll”* I &,&)I”* d O(t), (2.7) 
for every t E [0, T]\&, where 0(. ) E L’(0, T) was &fined in (2.6). Now as 
m-co, 
u, -+ u in L2(0, T; V), L2j3(0, T; D(A)), and L’(0, T; km(Q)). (2.8) 
Indeed the convergence in L2(0, T; V) and L2’3(0, T D(A)) is a 
straightforward consequence of the properties of P, and the Lebesgue 
dominated convergence theorem. The convergence in L’(0, T; P(Q)) 
follows then from (2.5) and Holder’s inequality which implies 
(2.9) 
3’4 
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(ii) For every m, we define in a trivial manner an approximation t,,, 
of t, where 5, is solution of (l.l), (1.2) with u replaced by u,. The usual 
theorem on the Cauchy problem for ordinary differential equations 
(ODE’s) asserts that 5, is defined on some interval of time (0, T(m, a)), 
0 < T(m, a) < T. But U, : 0 + R3 vanishes on K?, and if we extend u, by 0 
outside Q, we see that a trajectory t,(t) starting at time t = 0 from aeQ 
(condition (1.2)) cannot leave Q at a time < T. Hence T(m, A) = T, and 
r,,(t) E a for all t E [0, T], (a ED). 
The theorem on the continuous dependence on a parameter of the 
solution of an ODE, shows that the function @,: ax [0, T] + fi defined 
by 
@,(a, t) = L,(t) (5, = La) (2.10) 
is in 9?‘(0 x [O, T])3. Since div U, = 0, the Jacobian of a,, 
det(D@,( ., t)/Da) is equal to one for every t and therefore @,( ., t): Q + 52 
is locally invertible for every t. Furthermore, if a E ar, r,(t) = c1 is a trivial 
solution of (l.l), (1.2) (with u replaced by u,), and hence @,(a, t)=a for 
all a E f and for all t. The classical theorems on the global invertibility of 
55” mappings (cf. Browder [3]) imply that, for every t, @,(., t) is a %?’ dif- 
feomorphism from 0 onto itself*. Finally, as div U, = 0, @,( ., t) preserves 
the volumes. 
(iii) We now pass to the limit m -+ CO, for a fixed a E Q. Due to (2.7), 
= I Kn(5,(t), t)l 6 O(t) vt k?2 8, 
and since 0 E L’(0, T), the functions r, = <,,,, are equicontinuous. Thus, 
there exist a subsequence m’ (depending on a) and a continuous function 
5 = r, from [0, T] into 0, such that t,, + 5 as m’-+ cc uniformly on 
[0, T]. We will conclude that 5 is a solution of (1.1 ), (1.2), provided we 
establish that 
%~(L(~), . ) + 45(.)7 .) in L’(0, T)3. 
But, for t d d 
I %d(L~(t), t) - 44(t), t)l 
G I %il,(L(t), t) - 4&d(t), t)l + I45,4t), t) - 45(t), t)l 
G I %d(t) - 4t)l L”(B) + I u(L(t), t) - 48th t)l. 
z This follows also obviously from the backward resolubility of (l.l), (1.2). 
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Because of (2.8), (2.9), it remains, to prove (2.11), to show that 
u(5,,(.),.)-u(~(.),.) in L’(0, T)3. (2.12) 
For every t & 8, u(., t) E D(A) is a continuous function on 0; hence 
u(t,,(t), t) -+ u(t(t), t), lu(5,,(t), t)l Q lu(t)lLmpj, and Lebesgue’s theorem 
gives us the result (2.12). 
(iv) We infer from (iii) that, for every fixed UE~, there exists a 
solution 5 = 5, (not necessarily unique) of (l.l), (1.2). We denote by n(a) 
the set of continuous functions from [0, T] into fi which satisfy (l.l), (1.2). 
According to (1 .l ), (1.5) a function l in ,4(a) belongs to the Sobolev space 
W’,‘(O, T) = W’*‘(O, 7J3, and 1 t’(t)\ 6 e(t) almost everywhere (for all t $ &). 
We consider now the set-valued mapping 
n:uEi=2+n(u)c Y, 
where Y is the subset of W’l’(O, T) of functions u taking their values in 0 
and such that ( q’(t)1 < e(t) almost everywhere; Y is closed in VV’s’(O, T): it 
is a complete metric space. For every UE~, n(u) is not empty because of 
part (iii) of the proof. Like for (2.12), one can show easily that ,4(u) is 
closed in Y and also that the graph of /1 is closed. 
By the von Neumann measurable selection theorem3 n admits a 
measurable section L, i.e., a measurable mapping L: Q + Y, with 
LEE for all UED. Thus <,=L(u) is a solution of (l.l), (1.2), and 
t,(t)Efi for all t E [0, r]. We set @(a, t)= l,(t), and clearly, Q, possesses 
the desired properties. 
Remark 2.1. Let K denote the set of functions q in U( [0, r]; R3) taking 
their values in d and satisfying I r]‘(t)1 d O(t) a.e. The set B(K) of closed 
subsets of K is compact for the Hausdorff distance 
If Km, = { @,(a, .I, UE n}, then K, c K belongs to F(K). There exists 
therefore a sequence m’ + m and K, E P(K) such that K,,,, + K, as 
m’ -+ 00. It is easy to check that for every a E Q, there exists 5 E K, which 
’ We use the following version of the selection theorem (Castaing [4]): let A’ and Y be two 
separable Banach spaces and A a multi-valued mapping from X into the set of nonempty 
closed subsets of Y, the graph of A being closed. Then A admits a universally Radon 
measurable section, i.e., there exists a mapping L from A’ into Y, such that L(x) E A(x) Vx E X, 
and L is measurable for any Radon measure defined on the Bore1 sets of X. 
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satisfies (l.l), (1.2). We can therefore assume in the point (iii) of the proof 
of Theorem 2.1 that A, and its section L, take their values in K, and hence 
I I g (a, t) <O(t) a.e. a, a.e. t. (2.13) 
3. CONSERVATION OF VOLUMES 
If Y is a V’ mapping from Q into itself which preserves the volumes, 
then the Jacobian of Y, det(DY/Da), is equal to 1 everywhere and conver- 
sely. Classically the fact that Y preserves the volumes amounts to saying 
that the image measure Y(‘(dx) on Q is equal to the Lebesgue measure dx 
(on 0) and this is equivalent to 
%&o(Q) (or @F(Q) the space of continuous (or ‘Zm) functions from Q into R, 
with a compact support in Q. If Y is simply a measurable function from a 
into itself then the two integrals in (3.1) make sense, Vg E V&Q), and (3.1) 
is the dejkition of a volume preserving mapping Y: Sz + 6, when Y is only 
measurable. 
Let Y be a volume preserving measurable mapping from D into itself; 
the relation (3.1) valid for every g E %$0(Q), extends by continuity, to every 
Bore1 bounded function on Q (which are integrable for both measures dx 
and Y(dx)). In particular if g is the characteristic function of a Bore1 sub- 
set A of Q we find 
meas{xoQ, Y(x)~A}=measA, (3.2) 
and we explicitly infer from (3.1) the volume preserving property4. 
Before stating our result we recall 
LEMMA 3.1. If Y is a volume preserving measurable function from d into 
itself, then Y satisfies the following properties: 
(i) Y(Q) is measurable and meas Y(Q) = meas Q 
(ii) meas{(x,y)EQxQ, Y(x)= Y(y)}=O. 
Proof. By the Lusin theorem there exists an increasing sequence of 
compacts K, c Q such that, for every n, the restriction of Y to K,, is con- 
4 Note that the property meas Y’(B)=meas B, V Bore1 set BcQ, is not implied by (3.1). 
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tinuous and meas(Q\K,) < l/n. Thus Y(K,) is compact and borelian and 
by Wh 
meas Y(K,) = meas K, b meas Q - l/n 
The point (i) follows since Y(G)1 Y(K,). For point (ii) we observe that, 
by Fatou theorem, for every g E %$(sZ x a)), we have 
Indeed the left-hand side of (3.3) is equal to 
=j u d y(x), b) db dx RR 
= (by (3.1)) 
=.i s g(a, b) da db. RxR 
By Lebesgue continuation, the relation (3.3) is valid for every bounded 
Bore1 function g on Q x 52 and in particular, if g is the characteristic 
function of the diagonal A of Q x Q, 
O=meas {(x,y)~QxQ, Y(x) = WY)l. I 
We now prove the following complement to Theorem 2.1. 
THEOREM 3.1. We cun choose the function CO given by Theorem 2.1, so 
that @( ., t): 0 + a is a volume preserving measurable function for every 
t > 0. 
ProojI We just have to show that the function CD constructed by the 
measurable selection theorem in point (iv) of the proof of Theorem 2.1 is 
indeed volume preserving. 
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For a given g E ‘S;(Q), we then have to show that the function 
tE [O, T] +J(t)= j g(@(a, t))du 
R 
is constant and equal to J(0) = so g(u) da. 
We rewrite (l.l), (1.2) in the equivalent form: 
(3.4) 
@(a, 0) = a, (3.5) 
Va E 52, Vlt E [0, r]\& and we first observe that J is absolutely continuous. 
Indeed for t’ > t, 
IJ(t’)-J(t)1 = jQ (g(@(a, t’))-g(@(ay t))3 da 
<sup)gradgl.j I@(a,t’)-@(a,t)lda 
c2 R 
6 6-v (3.4)> (3.5)) 
G sup I grad gl . jf’ j I u(@(a, s), s)l ds 
R I R 
< (meas 52). sup ( grad g I .ll” I u(s)1 LaCR) ds 
n 
< (by (2.6)) 
6 c1 meas Sz. sup I grad g 1 .I” 0(s) ds. 
R f 
Now if we consider a family of disjoint intervals (ti, t,, ,) c [0, T] of total 
measure <S, we have 
c IJ(tj+,)--J(ti)l <meas Q.s;p I gradg( .~/““@.Y) ds, 
I j It 
and this tends to 0 when 6 tends to 0; the absolute continuity of J follows. 
To conclude we observe that (0, T)\b is a denumberable union of open 
intervals (cli, pi) on which u is regular; on these intervals J is differentiable, 
I’(t) = 0; thus r(t) = 0 a.e. and since J is absolutely continuous, J is con- 
stant. 
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